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Linearized solutions for the flow field of a rotating blade row in an infinitely long annu-
lar duct are reviewed. An isolated rotor is assumed to operate in a uniform axial flow
so that the disturbance field is steady in a blade-fixed co-ordinate system. Both three-
dimensional and compressibility effects are included, but attention is confined to
subsonic flows. Previously published source-flow solutions omitted a term which
affected the thickness part of the rotor flow field constructed from them. Corrected
source and rotor-thickness solutions are given, and then the source or monopole
solution is used to form a pressure dipole solution. The rotor-loading contribution to
the flow field is found by superposition of the revised dipole solutions. The present
version of the dipole representation of the steady-loading field is shown to be equiva-
lent to an existing vortex representation, but different from an existing dipole repre-
sentation. The behaviour of the blade-surface pressure and velocity distributions is
described for both the thickness and loading cases. Sample numerical evaluations of
the surface quantities are presented.

1. Introduction

Increased emphasis on the reduction of the size, weight, and noise output of axial-
flow turbomachinery demands improved understanding of the flow through high-speed
fan and compressor blade rows. As more detailed questions are asked about modern
blade-row performance, the essentially three-dimensional character of the flow takes
oninereased importance. The task of calculating the fully nonlinear, three-dimensional,
viscous flow through interacting blade rows is a formidable one indeed. Consequently,
some approximations are required in order to obtain a tractable model, the most
familiar being the idealization of inviscid flow through a two-dimensional cascade.
A linearized analysis of the steady, inviscid, three-dimensional flow through an isolated
rotor contains important features not present in the corresponding two-dimensional
cascade approximation. For example, though restricted to lightly loaded, thin blades,
it does include disturbances induced by the trailing vortex wakes which result from
spanwise variations in the blade circulation.

The small-perturbation approach to three-dimensional compressor flows was begun
by McCune (19584, b) who, in the spirit of linearized wing theory, separated the thick-
ness and loading contributions to the rotor disturbance field. In his original papers,
McCune treated the thickness problem for the subsonic, transonic, and supersonic
flow regimes. Later, Okurounmu & McCune (1970, 1974) employed a vortex represen-
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tation of the blade row to solve the indirect lifting problem, defined here to be that
in which the disturbance field, along with the blade geometry needed to produce it,
are determined from a prescribed distribution of blade loading.

While the thickness and loading contributions to the rotor disturbance field can be
treated separately in a linearized analysis, they are not entirely independent. In
order that there be no loading contribution to the flow field associated with a given
distribution of blade thickness, this thickness must be distributed about an unknown
camber line. The camber lines required for the rotor to be unloaded must be deter-
mined as part of the solution to the thickness problem, in much the same way as the
camber lines corresponding to a specified loading distribution are computed. Erickson,
Lordi & Rae (1971) presented results for thickness-induced camber lines at high sub-
sonic tip speeds. They also have computed the camber lines required to produce given
loading distributions, as have Okurounmu & McCune (1974).

Recently, linearized analyses of three-dimensional compressor flow fields have been
concerned with lifting-surface calculations for both steady and unsteady flows. In
contrast to the indirect loading problem for steady flow, the direct problem refers to
the situation where the blade incidence and camber lines are given, and the resulting
blade loading must be determined. The solution of the direct problem, together with
the solution of the thickness problem, permits computation of the aerodynamic and
acoustic performance for a rotor row of given geometry at specified operating condi-
tions. In addition to a predictive capability for steady flow at off-design conditions,
the successful analysis of the direct lifting-surface problem provides a basis for
examining three-dimensional flows which are unsteady in rotor co-ordinates. The task
of calculating the unsteady blade loading produced by a prescribed upwash distribu-
tion or small-amplitude blade motion is closely analogous to the evaluation of the
steady loading corresponding to given blade camber lines.

Progress on the direct loading problem in steady flow has been reported by other
investigators. McCune & Dharwadkar (1972) have obtained a solution using a lifting-
line approximation. Namba (1972) has reported a direct lifting-surface analysis,
including some numerical results. Inaddition, Namba and Salaun (1974) have extended
the lifting-surface analyses to flows that are unsteady in rotor co-ordinates, and have
presented results for the response of the rotor to inflow distortions (Namba 1977),
and for the problem of blade flutter (Namba 1976; Salaun 1976).

The present paper is an outgrowth of our own work (Homicz & Lordi 1979) on the
direct lifting-surface problem. In the course of deriving the governing integral equation
for the blade loading, we had difficulty reconciling the different formulations for the
rotor flow field. In their treatment of the loading contribution, Okurounmu & McCune
(1974) use a vortex representation of the lifting surface; Namba (1972) uses a pressure-
dipole approach. The disagreements encountered in the respective flow-field solutions
prompted a complete review of the linearized analyses, and led to a revision of the
fundamental source and dipole solutions. The purpose of this paper is to present this
review and to resolve the discrepancies in the linearized solutions for the loading con-
tribution to the steady flow through a compressor rotor. The rotor thickness contri-
bution is discussed also, because it too is affected by the revised singularity solutions.

In § 2 the linearized equations for the three-dimensional, compressible flow through
a rotor are reviewed, and a formal solution of them is obtained based on Green’s
theorem. In § 3, solutions are found for the disturbance fields of a point source of mass
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Figure 1. Blade geometry and blade-fixed co-ordinate system.

and a pressure dipole. Next, in §§4 and 5 respectively, these singularity solutions are
used as Green’s functions to determine the flow fields produced by rotor thickness and
loading distributions. In § 6, the expressions for the flow-field quantities at the blade
surfaces are presented and are shown to display the correct discontinuous behaviour
across the blade surfaces and trailing vortex wakes. The equivalence of the pressure-
dipole representation of the lifting surface and the vortex theory of Okurounmu &
McCune (1970) is demonstrated in §7. Results of sample calculations of the blade-
surface quantities are described in § 8. Then the status of linearized solutions for the
flow through a rotating blade row is summarized.

2. Derivation of model equations and Green’s function solution

In this section, the linearized equations and a formal integral representation of
their solution are developed for the flow through an isolated rotor row in an infinitely
long annular duct. The key assumptions in the analysis are that the undisturbed
axial velocity is uniform and subsonic, and that the disturbance field of the rotor is
a small perturbation about the resulting helical inflow seen by an observer in blade-
fixed co-ordinates. Both compressibility and three-dimensional effects are included.
While not a fundamental restriction in the analysis, attention is confined to subsonic
relative tip speeds. The required extensions to supersonic tip speeds are indicated by
MecCune (1958a, b) and by Okurounmu & McCune (1974). As a consequence of the
linearization, the blade-surface boundary conditions can be separated into thickness
and camber line contributions, and their associated flow-field solutions superimposed
to find the overall disturbance field. This separation is effected by requiring the rotor
blades to be locally unloaded in the thickness case and by assuming that the blades
have vanishing thickness in the loading case.

The geometry of the blade-fixed co-ordinates is illustrated in figure 1 for a rotor
rotating in the negative 6 direction with angular velocity w. The full nonlinear equa-
tions for the flow through such a blade row in a cylindrical co-ordinate system fixed
to the rotor have been given by Wu (1952). These equations can be linearized by
writing the velocity in blade-fixed coordinates as W = U +v, where Uy, is the un-
disturbed velocity, which has an axial component U, and a tangential component
wr; v is the perturbation velocity with components v,,v,,v,. The fluid pressure and
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Ficure 2. Blade surface geometry at fixed radius.

density are expanded in a similar way; the undisturbed quantities are denoted by
P and p,, the perturbation quantities by p and p. Substituting these definitions into
Wu’s equations and linearizing the result by neglecting the products of perturbation
quantities leads to the following vector forms of the steady flow continuity and
momentum equations, to first order:

Up.Vo+pu(V.V) = 0, (1)
(v.V)Ugr+(Ug.V)V+20(vse,—v.e) = —(1/p,) Vp. (2)

The momentum equation is easily written in component form for the cylindrical co-
ordinates fixed to the blades. However, in the subsequent development of the rotor
flow-field solution, it is convenient to work with co-ordinates along the undisturbed
streamlines, and along the direction normal to both the streamline and radial direc-
tions. Unit vectors in these directions are denoted s and n, as illustrated in figure 2,
and the respective velocity components are v, and v,,. In the (7, s, n) co-ordinates, the
momentum equations are

PoUrv,[08 = —op/or, (3a)
puoURavs/as = —3})/38, (3b)
puUp 0, /08 = —0p/om, (3¢)
where the directional derivatives 8/ds and 9/dn are related to the partial derivatives
with respect to 6 and z by
0 wd 0 wr\F]}
a=(waa) |+ (7)] (4a)
0 19 wro wr\2|¥
w a5+ E)] (40)

These forms of the linearized momentum equations are useful in relating results
for the pressure and velocity fields. For subsonic flow, where disturbances decay far
upstream, (3b) can be integrated along the streamlines to obtain

P = —pouUgt,. (5)
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The normal momentum equation (3¢) plays a central role in the direct lifting-surface
theory. It contains the upwash velocity, v,, which is related to the blade camber line
in deriving the integral equation for the blade loading.

The set of governing equations is completed by introducing the assumption that
the disturbance flow is isentropic, so that

b= a‘gop’ (6)

where a,, is the undisturbed sound speed. From this basic set of conservation equa-
tions, we can develop the governing equations for either the perturbation pressure
or the velocity potential, the solutions of which can then be used to obtain the re-
maining flow-field quantities.

The governing equation for the perturbation pressure is derived by using (6) to
eliminate the density in the linearized continuity and momentum equations. Then,
combining Uy 8/9s of the continuity equation with the divergence of the momentum

equation leads to
U% 0
Vzp 2 a:f = 0. (7)

The velocity potential satisfies the same governing differential equation. The linearized
momentum equations indicate that the velocity components are proportional to the
gradient of the integral of the pressure along the undisturbed streamlines. A ccordingly,
if a scalar velocity potential, defined such that v = V¢, is introduced into (1) and
(3b), the results may be combined with (6) to obtain

Uz

Vig— ‘at, 08

= 0. (8)

The formal solution of the governing differential equation for ¢ (or p) is derived from
Green’s theorem, written for two scalar functions ¢ and G,

f ( Zf ¢Z‘3)ds_— f (GVIg— $V2G) 4V, ()

where the surface S encloses the volume V and v is the normal to the surface § directed
into V. The following development, while carried out for the velocity potential,
applies as well to the pressure perturbation.

The operator L is defined by writing (8) as L¢ = 0, and then the V3¢ and VG
factors in Green’s theorem are written in terms of L. Equation (9) becomes

L (e3-o2)o-~] oss-smar], (omi5h- s .

where we have introduced the undisturbed relative Mach number in blade-fixed co-
ordinates, My = Ugp/a.,.
The second volume integral on the right-hand side can be rewritten as

fv(GM%aaf_‘éM G)dV J.Mna (GMR o ¢MRa av.  (11)
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In this form, the volume integral can be converted to a surface integral by applying the
divergence theorem to the product of a scalar function and a vector, and the result
used in (10) to obtain

o oG
'[S(G£—¢5)d8= —'[V(GL¢—¢LG)dV+'[Sv.(A¢)dS, (12)
where
® = GMy, 0035 — My, 9G /s, (13)

A = Mgs. (14)

This relationship can be used to express the velocity potential in terms of surface
integrals which bound the region of solution by the usual Green’s function technique.
The scalar function @ in (12) is chosen to be the Green’s function which is the solution
to the equation

LA(r,ry) = 8(r—r,) (15)

where 8 denotes the Dirac delta function and r and r, denote the observation and
source points. If the integrations in (12) are taken to be over the source co-ordinates,
and within the region of interest L,¢(r,) = 0, then the following integral expression
is obtained for the velocity potential:

oaq
B(r) = j ) [G(r, q,)g_:i —(ry) 5] 48, — f [ (AD)JS; (16)

The term ¢(r) is the result of integrating ¢(r,) L,G(r,r,) over the volume, which
requires that the Green’s function determined from (15) also have the property

LyG(r, ry) = é(ro—r). (17)

An alternative approach to the integration over the region containing the singular
point is to exclude this point from the volume integral by surrounding it with a vanish-
ingly small surface. Then the functions ¢ and G are continuous and differentiable
throughout the region of interest, and the volume integral in (12) vanishes. However,
there would then be a contribution from the integration over the surface enclosing the
point r = r,. It has been demonstrated, using the Green’s function determined in the
subsequent section, that the integral over such a surface yields the same result as the
volume integral over the delta function. That demonstration is quite lengthy and so
the generalized function approach is used to handle point singularities where the pre-
sentations are thereby shortened.

In the present application, the surfaces over which the integrations must be done
in (16) include the blade surfaces, the duct walls, and the surfaces normal to the duct
axis at large distances upstream and downstream of the blade row. The evaluation of
the surface integrals is simplified considerably through the use of a Green’s function
which satisfies the same boundary conditions at the duct walls as the velocity potential.
Then the velocity potential for a rotor can be found by superimposing the solutions for
singularities which are distributed only over the blade surfaces. In the next section,
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the solutions for a point source of mass and a pressure dipole are found for the ducted
geometry.

3. Mass source and pressure dipole solutions

The governing differential equation for the velocity potential given in (8) can be
expressed in cylindrical co-ordinates by using (4a). Then, the velocity potential due
to a source located at ry, 6, 2, in a rotating reference frame and having a mass addition
rate of p,, @ satisfies the equation

M
o (R (i) i e e = P AO=0r o (1)

O

where M is the Mach number based on the undisturbed axial velocity (U/a,) and

2 = 1~ M2 In this form the homogeneous equation is separable and, as originally
shown by McCune (1958a), it possesses the following eigenfunction solutions when the
boundary condition of no flow through the walls is enforced :

Mip
b2 = exp (in)exp (in 73 7 £ A 77 ) Rus(Koe0) (19)

The quantity R, is a normalized combination of the Bessel and Neumann functions
of order » as described by McCune (1958a). Also o = r/rp and K, is the kth eigenvalue
of the equations which result from the boundary condition that d¢/dr vanish at the
duct walls. The eigenfunctions satisfy

R, (k) = R:uk(l) =0. (20)

The hub-to-tip radius ratio is & = r5 /7, and A, is defined by

e 2l (-]

with My = wrp/a,. Transformed to duct-fixed co-ordinates, these homogeneous solu-
tions represent the duct acoustic modes; equation (21) contains the so-called cut-off
condition for the propagation of these modes. When M, > B(K,,/n), A,; becomes ima-
ginary and the solutions in (19) correspond to propagating waves. The cut-off condition
can be stated approximately as requiring that the relative Mach number at the tip
radius must be supersonic for the source to excite propagating modes. Here we restrict
attention to the subsonic case where the modes decay with distance from the source.

In order to solve (18), the form of (19) suggests that we assume an expansion for
@ of the form

@

b= 5 5 bul?)exp (in(6—0)) Ru(K ), (22)

n=— kmj,

where ¢, will denote the solution for a mass source. Here k, = 1 forn > O but &, = 0
~for n = 0 in order to include the non-trivial zero eigenvalue required to make the
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zeroth-order Bessel functions a complete set. In addition we introduce the expansions
of the delta functions in terms of the azimuthal and radial eigenfunctions:

3(6—6,) = %r _ﬁ; _exp(in(9-0y)), (23a)
8(":"0) = ;12;k=1 Rnk(Knko'o) Rnk(Knko')a n % 0: (23b)
Mr—

(r,. o) (1 iz) % + E Ro(Kox00) Ry Kore0), n=0. (23¢)

Substituting these expansions into (18), using the differential equation satisfied by
the radial eigenfunctions,

2
() () o .

rdr rh  r?

and making use of the orthogonality properties of the azimuthal and radial eigen-
functions leads to

d? 2inwM d 2 R
prlor Tl o, (2T g Lo sy, o)

where R, ;(0,) is introduced as a shortened notation for R, ;(K,;0,). The solution of
this equation for ¢,,(z) can be found using Fourier transform techniques. With the
following transform definition

Buall) = o [ e ® Bz, (26)

-

taking the transform of (25), solving for ¢,,,, and taking the inverse transform yields

The integral in (27) can be evaluated by residue theory, the roots of the denominator
being

b= o i [ Ko/~ (07, (29)

For z > z, the contour is closed in the upper half-plane and encloses the pole at
£ = £}; for 2z < z, the contour is closed in the lower half-plane and encloses the pole
at £ = £;.. This procedure ensures that the solution decays rather than diverging for
2z — + oo (or for supersonic tip speeds, corresponds to outward-moving waves).

The case n = 0, k = 0 deserves special attention. For these values of » and k the
integrand in (27) has a second-order pole at £ = 0. The contribution from this pole is
included in the contour which encloses the upper half-plane (corresponding to z > z,)
and excluded from the contour enclosing the lower half-plane (corresponding to
z < z,). This choice is made on the grounds that there can be no steady perturbation
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at upstream infinity. Evaluating the integrals for ¢,, and using the results in (22),
the solution for the source potential is

2 @ -] Rn Rn
$(F: o) =%§pﬂ2 (1—_72) (2 —20) H(z—70) - ——4ﬂgzr; w2 _‘”‘——kg;fk/ gal2)
X eXp [in((?—ﬁo) +$ % (2—2) —w—AU”—" Iz—zol] , (29)

where H(z— z,) is the Heaviside step function.

The first term in the source solution has been omitted in previous treatments.
Except for the presence of this term, the above result can be integrated in the radial
direction to recover the line source solution which McCune (1958a, b) used to solve
the rotor thickness problem. The omission of this term in the mass source (or pressure
monopole) solution also affects the fluid doublet (or pressure dipole) solution. The
implications that omitting this term from the source and dipole solutions have for
the rotor thickness and loading problems are elaborated upon below where those
solutions are presented.

Several checks were made on the revised source solution. The first test made on
the solution for ¢, was to substitute it back into (18), and to verify that it was indeed
the correct solution. In addition, the pressure and velocity fields associated with the
mass source solution were obtained from the velocity potential, and it has been verified
that the solution displays the properties of a mass source. The linearized expression
for the mass flux through a small surface surrounding the source, when integrated
over the surface, results in a value of p,, @ for the rate of introduction of mass.

In addition to the demonstration of mass conservation for the above control volume,
a similar check has been made for the control volume bounded by the walls and the
surfaces normal to the duct axis at z = + c0. It also has been shown that the results for
the flow field of a point source satisfy the axial component of the linear and angular
momentum balances for this latter control volume. The expressions for the mass
addition rate, axial force, and axial component of the torque on the fluid in this
control volume are given in appendix A. For the source solution, the expected results
of p,Q, p,UQ, and p,wr2 @ are obtained for these quantities.

The mass source solution can be used as the Green’s function, and the solutions
superimposed to represent the flow about a non-lifting rotor. The velocity potential
of a fluid doublet could be obtained from that for a source in the conventional way,
and then the flow field produced by rotor loading found by superposition of these
doublet solutions. However, it is more convenient to treat the loading case in terms
of the perturbation pressure because the blade boundary conditions are expressed in
a simpler form and, further, integration over the blade wakes is avoided. Here the
Green’s function is interpreted as a pressure monopole and it, in turn, is differentiated
to find the disturbance field of a pressure dipole. The pressure field of a lifting rotor
can then be found by superposition of the pressure dipole solutions.

Since the rotor pressure field satisfies the same equation as the velocity potential,
the solution for a pressure monopole is mathematically the same as the solution for a
mass source. The corresponding dipole solution is found by differentiating the mono-
pole solution. If the pressure monopole is to be used as the Green’s function in the
formal solution for the pressure, then the required orientation of the dipoles is normal
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to the blade surfaces or, in the linearized analysis, to the undisturbed stream direction.
For a dipole of strength D located at the point r, and oriented in the positive n,
direction shown in figure 2, the pressure field p,, can be expressed as

Pp = DoG(r,ry)/on,, (30)

where G(r, r,) is the source (or monopole) solution given in (29) with unit strength.
Performing the indicated operations in (30),

_ D wr ©  © R(oe) Ruo)
”D“4nﬂ2r%[1+<wro/v)2]%=2(‘v'°) (1 )H‘z W+ 33 i

n=—0o k=1
; 2 [im M2 2

[ﬁ dld (MBZI )+w did Y nk SE0 (z—zo)]

%o A

xexp[m(ﬁ 00)+mﬂll21 &l}(z 2y) — w?]"klz—zol],. (31)

As with the result for ¢, this solution for p, has been substituted into the governing

differential equation to verify that it is the correct solution. Forming the quantity
Lpp, yields the result

Lpp=D % [r5 8(r — 76) (0 — 6,) 8(z—2,)), (32)

when the series expansions in (23) are used for the delta functions.

The velocity components associated with the dipole field are obtained by integrating
the momentum equations (3) along the undisturbed streamlines. Consistent with our
generalized-function approach in treating singular points, a delta-function body
force is included in the momentum equations. Then, the resulting expressions for the
velocities are valid everywhere in the duct, including points which lie on the stream-
line that passes through the dipole location. Otherwise, the expressions would not be
valid in a small region enclosing this streamline.

The dipole exerts a force per unit volume on the fluid, F, which is in the negative
n direction and expressed by

p = —nDrg1d(r—r,) 8(0—6,) &z —2,). (33)

The streamwise velocity component is simply proportional to the pressure by (5),
which was derived by integrating the streamwise momentum equation. Integrating
the radial and normal momentum equations along the undisturbed streamlines yields

1 (s oppls)
(v)p = — meRJ_w la)r ds’, (34a)
opp(s") Lo
(v = — pwURf_w 2 as+ [ Foleras (34B)

The expressions for (v,), and (v,)p can both be written in terms of the integral of pj,
along the undisturbed streamlines. The integration is done by expressing ds in terms
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of dz, using the fact that along the undisturbed streamlines 6 —wz/U and r remain
constant. The result of integrating the expression for p,, along the streamlines is

¢ vds = DOro/UI [ L r/URTE (2
[ otera - S | ey () o a2
D [1+(W/U)2]* S o Balog) Boylo)

anfry 1+ (wry/U)2 ,,_z_“q, k§1 wA,/U

exp (in(6 - 6,))

1+ (wry/U)*] 2inA, H(z—2,)
[ wro/U ] (n*/f%) + A%

m oy (iMoo,
+[E_W(_ﬂ_2—)+ﬁ'\""sgn(z_z°)]
o [in

T [F — Anz8g0 (2— Zo)]

A2
X exp [mﬂ—ﬂzf%(z—zo)—w?]’"‘ |z—zo|] . (35)

The expressions given for the velocity components in (34) have been formed and,
using the formulae given in appendix A, it has been verified that the dipole solution
Ppossesses the appropriate properties of not introducing any mass into the flow, and
exerting a force D on the fluid. In the next two sections, the source and dipole solutions
in (29) and (31) are used as the Green’s functions to construct the flow field produced
by a rotor with distributed thickness and loading.

4. Flow field of a non-lifting rotor (thickness problem)

In the previous two sections, the foundation has been laid to develop the solution
for the thickness contribution to the flow field of a rotor in an annular duct. The source
solution given in (29) can be used, with unit strength, as the Green’s function, G(r, r,),
in the integral representation of the velocity potential in (16). The integrations in
(16) must be done over the following surfaces: (i) the duct walls, (ii) the surfaces normal
to the duct axis at large distance from the rotor, and (iii) the blade surfaces. Along the
inner and outer duct walls the boundary condition on ¢(r,) is that the normal deriva-
tive vanish corresponding to no flow through the walls. Since the Green’s function
we have found satisfies the same boundary condition, the first integral in (16) vanishes
for this surface. For the outer wall v, = — e, while for the inner wall v, = e,. From (14)
we see that vy. A = 0 along both the inner and outer walls, and so the second integral
in (16) also vanishes at the duct walls.

For the surfaces normal to the duct axis at 2y > + o0 and zy—> — o0, v, is — e, and
+ e, respectively. Over these two surfaces the sum of the two integrals vanishes
because of the properties of the integrands. Consider the integrand at z; > + oo first.
Inthis casez < zyand soall the termsin G(r, ry) and its derivatives decay exponentially.
Since ¢(r,) and its derivatives must be bounded, the integrand vanishes as z, > +o0.
Next, consider theintegrand evaluated at z,—~ — co. Herez > z,and then = 0,k = Oterm
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contributes to both G and 9G/9z,; the remaining terms in @, 8G/26, and 0G0z, decay
exponentially. For subsonic flow, ¢ and the velocity components obtained from its
derivatives are required to vanish far upstream of the blade row. Note that @ diverges
linearly as z, - — oo and so the velocity field must fall off faster than this in order for
the integrand to vanish. We shall see that the velocity field decays exponentially up-
stream of the rotor. Hence, the integrands vanish for z, > — co also.

In the linearized analysis, the blade row is assumed to make only a slight perturba-
tion of the free-stream flow. Consistent with this assumption, the blade surface
boundary conditions are applied along the undisturbed stream direction. In this
approximation, the normals to the upper and lower blade surfaces are, respectively,
Vo= tn,= +(cosyy,e,—siny,e,), where o = tan—!(wr,/U). It can be seen that
vy- A vanishes and thus, in the linearized approximation, the second integral in (16)
contains no contribution from the blade surfaces.

The separation of the rotor flow field into the thickness and loading contributions
is made by prescribing that there be no pressure difference across the blade surfaces
in the thickness case, or that the blades are locally unloaded. If the pressure is con-
tinuous across the blade surface, then v, and ¢ are also. Hence, because of the opposite
signs of 9G /dv, on the upper and lower surfaces, only the part of the integrand con-
taining G'9¢/dv, contributes to the integration over the blade surfaces. Thus, the
expression for ¢ has been reduced to

#(6) = [ 6,10 804 /one) S5, (36)

where 8y denotes the surface area of the rotor blades projected on the undisturbed
stream surface, and A(9¢/on,) represents the difference in normal velocity across each
blade surface. This expression is the same as the familiar result in isolated airfoil
theory that the effects of wing thickness can be represented by the superposition of
sources whose strength is equal to the discontinuity in v, at each point.

The linearized form of the blade boundary conditions is

vé = Ugon,/0s, v, = Ugyoy/os, (37)

where 7, and 7, are the distances to the upper and lower surfaces, measured normal to
the undisturbed stream direction s. The quantities 7, and 7, can be expressed in
terms of a blade thickness and a blade incidence plus camber line in the conventional
way, as illustrated in figure 2. However, for a rotor, the blade thickness and camber
are not independent because, as noted earlier, in order for the blades to be unloaded
they must be cambered to account for loadings which would otherwise be induced by
blade interference effects. If ¢(s, r) represents 7,(s, r) —n(s, r), then

Nu(8,7) = 7,8, 7) + (3, 7),
7’1(8’ 7') = 770(8: 7') - %t(s’ 7'), (38)
where 7,(s, 7) is the camber line, which consists of two parts, a thickness part and a

loading part. The discontinuity in the normal velocity across the blade surface is then
related to the thickness distribution by

Av, = Ugot/os. (39)
For a rotor with B equally spaced blades, the blades lie on the surfaces
{=2jn/B, j=0,1,...,.B-1,
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where { is the helical variable which is defined by

{=0-wz/U. (40)
The element of blade area in the constant-¢ surface is
dSg = [1 4 (wry/ U drydz,. (41)

Expressed in the 7, {, z co-ordinates, the velocity potential is

B—1 fry
¢(”, §,2) = 'Eo Avn(ro: 2y) G(r,§ 2; Tos go = 2j"/B» zo) [1+ (“”0/ U)ﬁ]i dzo dro’ (42)
i= g
where the blade leading edges are located at z, = 0 and, while not crucial to the ensuing
analysis, it is assumed that the axial projection of the blade chord is a constant, c,.
Introducing the expressions for Av, and @ (or ¢,), and performing the summation

over the number of blades by using the identity

B—1
3 e—in@inlB) -
i=0

{0, n+ mB,]

43
B, n=mB, (43)

where m is an integer the result for the velocity potential becomes

B, 8,2) = W% = i N {( i) =20 Hiz =20

Roil00) Ral0)
~3. & _ 5 "l tand?) oxp imBL+ A ezl

":Z.[t(zo, roll [1+ (wro/ U)2 Rk dzy dr,. (44)

We have introduced the notation

Afpi(z,29) = 7= [m;zB Anprsgn (z2— zo)] (45)

with the + sign applicable for z > z,, or sgn(z—2z,) = +1.

Having this solution for the velocity potential, the other flow-field variables can be
found by taking the appropriate derivatives. The results for the velocity components
are given in terms of v,, v,, and v,, which are related to ¢ by

v, = 005 = [1+ (wr/U)*]—*ff‘ , (46a)
_ op| _wr

v, =0¢/on = —[1+(wr/U z]iag ”—ﬁva, (46b)

v, = 0@ [or. (46¢)

The pressure is simply proportional to v, by (5). The resulting expressions for the
velocity components are

) L] Ca u )
°l BUcosy 1 2 2 Ruplo) Roupi(00)
-t [ 5.

- w,

U
" ot dz,d
x[mG exp[imBL+ A pi(z— zm} oo (47
ka
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where

2
u—(l hz)H(z Z), v= —utany, w=0,

Un.te = Asipio

imB o[, . M?
Vo = — -7 [szF — A5 5E0 (z—zo)] )
W, = Ropi(0) K (48)

’ R, pi(0) rpcos Y’

These results for the thickness contribution to the rotor flow field are valid through-
out the duct. The factors # and v derive from the term omitted in the source solution
in previous treatments and their impact on evaluations of these expressions will be
discussed in § 6.

5. Flow field of a lifting rotor (loading problem)

The determination of the pressure field produced by a lifting rotor closely parallels
the solution procedure for the velocity potential in the thickness problem. The Green’s
function is the same, though now its interpretation is in terms of a pressure monopole.
The formal solution for p is identical with that given in (16) for @, except for the
replacement of ¢ with p. In addition, both of the integrations over the duct walls
and the surfaces at z, = + oo vanish as before, as does the integration of v. (A®) over
the blade surfaces. The remaining integral over the blade surfaces distinguishes the
lifting case from the thickness case. Here the magnitude of dp/dn, is the same on both
sides of the blades because v, must be continuous. Since the normals to the upper
and lower surfaces lie in opposite directions and G(r,r,) is continuous across the
blades, the integral of G dp/dv, over the blade surfaces vanishes. Thus the integral
representation of the solution for the pressure field reduces to

p(r) = f  Ap(r0)26/omydS3, (49)
where ?

AP = p(rm zo: go = 27’.7_/3) _p(r(}s ZO) go = 277.7+/B) (50)

80 that Ap is defined as a positive number.

If we substitute the pressure dipole solution (equation (31)) with unit strength for
9G/én, and, exactly as was done for ¢ in the thickness problem, carry out the summa-
tion over the number of blades, we get the following result for the pressure field of the
rotor

b= 277[92UJ. Ap(zo)H(z zo)dzo

B rrfe 2 2 R,pi(0) RupilTo)
+4=7’.32 "%‘J‘r jo m=z—co k§1 WAy g/ U

x exp [1mBE+ Af gz —29)]1 Vi, 1(T0s 25 20) AD(ro, 29) d2y drg, (51)
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where we have introduced

— 2 1
Bpteo) = =z | Ap(ro 70 20 (52)

and the quantities AL g, and ¥, , are defined in (45) and (48).

The first property of this solution to be examined is the limiting pressure rise
between points far upstream and far downstream of the blade row. Since for subsonic
flow the solution decays as z - —oo, the limiting value of the static pressure rise is
simply the limiting value of p for z — +c0. All terms except the first decay and so

Ple > 0) = g [ Bpten) o (53)

This result agrees with that obtained from the vortex theory of Okurounmu & McCune
(1970). In the present formulation its origin is in the » = 0,k = 0 term in the dipole
solution. Namba (1972) reports a limiting static pressure rise which differs from (53)
in two respects. First of all, he finds a non-vanishing pressure perturbation for z—» —oo.
Also, his result contains a ‘scale factor’ which introduces an additional radial depen-
dence into the integrations over radiusin (51) and (53). While thisscale factor approaches
unity in the two-dimensional limit of high hub-to-tip ratios &, its radial variation is
significant for lower values of k. For example, for a tip stagger angle of 45°, it varies
by a factor of 2-4, between the hub and the tip for & in the range of 0-4 to 0-6. Based
on the tests we have made on the solutions, we have concluded that this factor should
not be present.

In the pressure dipole representation of the blade row, the velocity field must be
found by integrating the momentum equations along the undisturbed stream direction.
The streamwise velocity perturbation v, is found from (5). If 9p/én is expressed in
terms of the derivatives [0/0z], , and [9/d(],,, then integration of the normal momen-
tum equation (3¢) along the undisturbed streamlines yields

_{eny D 1 . o
vn - (U)pwUR_pWUR-[l-}-( /U)Z] UR [1+(M/U)2]}f—mFB(r’§:z )dz ’
(64)

where I(r, {,2) is defined by
I(r,§,2) = fjmp(r, ¢, 2')dz (55)

and 2’ is a dummy variable of integration. In keeping with the generalized function
approach to the singularities, a body-force term representing the blade forces ¥ has
been included. Since this force acts normal to the undisturbed stream direction in the
linearized theory, it appears only in the v, expression. This contribution to v, is

I [+ (or/U ES . ce , N
%—Uf_mFde e 2 (& —2jm/B) . Ap(r,2'YH(z—2")dz',  (56)

where we have accounted for the fact that the blades are located on the surfaces
{ = 2jm /B between the axial stations z = 0 and z = ¢,. As we shall see, this term will
be cancelled by other terms in v,,. For now the remaining terms in v, will be designated
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v,. After evaluating the integral of the pressure indicated in (55), the result can be
combined with that for p according to (54) in order to obtain v,,:

, _ wB or/U fe——
v = B0 5.0 Jo Ap(z) H(z —2,) dz,

B 1+ U2 r[Ca @ d
N e S P

0 mm-—o0 fm]
[ (mB)* ] [1 + (wro/ U)z] H(z —2y) Ap(ry, 7o) dzo dry

(mB/,B” + A Bk wro/U
B, 5:(0) B, 51(0) imB{
T ) ,, BB L e
{"g ;mek [ (1+w*2/U?) ]} exp [AZ 5(2 — 20)] AD(ro, 2) A2y dr. (57)

The expression for v, which results from integrating the radial momentum equation
(3a) is
1 oI

v, = —maT, (58)

which, upon using the result for I, is

. R’ r 5%(0) Brap(00) (KmBk) ¢imBL

477,32’14’@ UJ. J. m=—o k 1 WAy 5/ U Ty
1+ (wr,/U)?

X {2imB/\mBkH (z—2) [_T";/U_] [(mB/B%? + A2, g ] + Vn, k/(;(t);:: 2o)

x xp [AEp(z— 24 ]} Ap(ry, zo) dzo drg. (59)

Particular note should be paid to those terms in v, and v, which do not decay down-
stream of the rotor. These terms, which are present within the blade row and down-
stream of it, represent the contribution of the trailing vortex wakes to the velocity
field. The flow field produced by these wakes has a helical pattern and, as a conse-
quence of the linearization, the wakes coincide with the undisturbed stream surfaces
on which the blades lie. There are no wake terms in p or v,, which should be con-
tinuous across these surfaces.

6. Behaviour of the velocity components at the blade surfaces

Many applications of the foregoing analyses require the evaluation of the blade-
surface velocity components or pressure distribution for which expressions are de-
rived in this section. The equations given above for the disturbance velocity fields
contain doubly infinite series expansions in the duct eigenfunctions. In order to
demonstrate that the velocity components display the correct behaviour at the blade
surfaces, the convergence properties of these series need to be considered. Terms in
the m summations which are of order (mB)~! are expected to lead to divergent series,
or series which do not converge uniformly. The manipulations performed below are
aimed at identifying those terms. Furthermore, within this group of terms, we wish
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to isolate a series for which the ¥ summation can be done analytically and for which
the m summation does not converge uniformly for all values of the { co-ordinate. It
can be anticipated that such series produce the discontinuities in the surface quantities
which occur as changes in { are made which correspond to crossing a blade surface.
For the remainder of this section our attention is confined to points within the blade
row, i.e. for 0 < z < c,.

The identification of the discontinuous terms in the expressions for the surface
velocity components depends on the evaluation of the doubly infinite series S(r,{)
defined by

rr @ @ sin (mB§)

S(r &) = (an' /U)’f,ﬂ "El k§ R,,.5k(0) Ry pi(00)
-1
[ﬂ2+ﬂ (AmBk/mB)ﬁ] Sf(rg)dry. (60)

Substituting (21) for A,, g in the bracketed factor, adding and subtracting the quantity
(wry/ U)?/[1+ (wry/U)?] to this factor, and doing the r, integration term by term, the
function 8(r, {) becomes

B °° sin (mBg) =
=1 mB

B3 3 R K, pa/mB) + (wr7/ U)1 j i

T m=1k=1 Tm

x [ =13 (K g/ mB)?] [1 + (wro/ U)*! By 0) f (7o) drrp. (61)

S(r.0) = F B[ Bumalo) [——’—m—] 04da,

T+ (wr/ U

sin (mB{) 1
—mB =

The k summation in the first line of (61) is just the Fourier-Bessel expansion for
the bracketed function in terms of the radial eigenfunctions. Performing this summa-
tion and using the equation satisfied by the radial eigenfunctions (24) to substitute
in the second integral, S(r, {) can be written

rf(ry B 2 sin(mBf) sin (mBY)

8r.©) = 1+(W/U)277 m=1 mB o mz=l k§ Bmsil®) G (mB)3
< (B e/ mBIt+ wrg U1 7 2 (roSpmet) L0 ar, (o)

Now, the eigenvalues K,, g, are all greater than m.B, being O(mB) for large mB, and
the remaining integral can be integrated by parts to give

rrd dRm f (r )r
[1a02) [ 2
— flro)r}  dR,p
1+ (wry/U)? dry

rT rT d.R Bk d f(ro) To ]
_ mBk, O dr.. (63
. f ar, ’°dro[1+(wo/U)2 o (63)

J: 4

The integrated term vanishes because each radial eigenfunction identically satisfies
the boundary conditions at the duct walls. Another integration by parts could be
done but it does not appear worth while. The important point to make is that each
m, k term of the double series in (62) is at most of order (m.B)—2. Here again this series
is then a regular series, and the first series in (62) is the only remaining contribution to
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8(r,{) which could contain a discontinuity; it is proportional to the Fourier series
expansion of the generalized function, {;, which is defined by

& =8-(2j+1)n/B, 2——\§ (+1) j=0,1,...,B-1. (64)

This function was used by Reissner (1937) in his representation of a propeller wake.
It has a jump of —2n/B as { crosses a blade location, moving in the direction of
increasing §.
It can be shown that the Fourier series representation of {; is
® sin (mB
(= _2 3 0B

m=1 mB (65)

With these results, the expression for S(r, {) becomes
B B
80,0 = - (3) &7 +’({)‘T/U 23 3 Rumo )“‘(—‘—w

T m=1k=1

Using the above form for the generic series S(r, {), the specific series in each of the
expressions for the velocity components are evaluated. First, we wish to show that,
in the thickness case, v, is continuous across the blade surfaces. This demonstration
also provides a check on the assumption that the blades are locally unloaded by virtue
of the relationship between p and v,.

6.1. Blade surface velocity components in thickness problem

The first step in examining the value of v, at the blade surfaces is to carry out an inte-
gration by parts in the integral over z,. After the first integration by parts the expres-
sion for v, is

Vs = 2n % [1 T (wr/U 2]§f :1 hzf 5 [Hro, 20)1 H(z — 29) dzg
1 (o) ot
- R, (o Bynpil70) etmB{ [_._ exp (A} g2
2 m=z—ao k§: Bk( ) mBk/U aZO 20=0 P ( Bk )
at _ c . o2
—or|  expUAmaut—c)+ [ " expAdmala— ) o |
0 [29=Cqg 0 0

x [1+ (wry/U)kdr,.  (67)

The coefficients in the series containing 0t/dz, are inversely proportional to A,,p;
which is O(mB), but the exponential factors in these terms prevent the series from
diverging, except as the leading or trailing edges are approached. There, unless the
slope of the thickness profile vanishes, the series diverge. The divergence of these
series produces the singularities in the pressure which typically occur at the leading
and trailing edges of subsonic airfoils. The divergence of the surface pressure at these
points is evident in the original results of McCune (19584, b), as well as in the surface
pressure results accompanying the thickness-induced camber lines presented by
Erickson ef al. (1971).

Each integration by parts over z, introduces another factor of (mB)~! in successive
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terms of the double series. The second integration by parts yields integrated terms
which are proportional to 9%/0z, evaluated at zy = 0, 2z, and c,. These terms are
O[(mB)—?%] and so the corresponding series are uniformly convergent. Hence, away
from the leading and trailing edges, all the series in v, are uniformly convergent for
all values of ¢, including those at the blade surfaces. It can therefore be concluded
that v, and p are continuous across these surfaces. The same is not true of v,,, however,
which must be discontinuous at { = 2j7/B by an amount dictated by the boundary
condition (39).

We have already evaluated the v, contribution to the expression given for v, in (46),
and shown it to be continuous. Any discontinuity in v, must then come from the
0¢/9¢ contribution. After performing a single integration by parts on the z, integral
in the expression for d¢/9{ and combining the result with (46 b) to obtain v,, the
result is

__B R, pi(0)
b= =g o) =T U+ /UPR S, S e e
sin (mBg) 7z R,,,B,c d [ ryot(z,r,)[02 dr, BU
8 (mB)? J- g | Gy dr, [[1 +(or/UPR T 20p%%,

U
“f1 +((Uar)£/U 2]& (1 hZ)f f [(1+(wro/U 2} H(z — 2y) dzodr,

Z E R, pi(00) Bnpi(o) gimBY
47’,32"1 [1 + (ﬂ”‘/U Mry mitw k51 (0/U) Appil (mB/ %2+ A gy ]
[ T, 0 D (i) =5 | Tl ) exp [Azle—c,)]
+ " exp [Adipule— 20) malr 2, 20) ) L1+ 0o/ U i, (68)
where
Trpi(r,2,2) = M}U [(";1:)2 —imBA,, g, 8gn (z— zo)]
+ [M—zl(zﬁ +imBA,, gy 5g0 (2—29) + Aank] . (69)

The first term in v, is obtained by identifying the series representation of the
generalized function ¢; and contains the symmetric discontinuity which should occur
in v,. It makes no contribution to the continuous part of v,, nor does the second term
when evaluated at the blade surfaces. The remaining terms, which represent the
continuous part of v, or the slope of the thickness-induced camber lines, are uniformly
convergent away from the leading and trailing edges. The third term in the above
expression comes from the n = 0,k = 0 term omitted from previous treatments of the
thickness problem. The camber line calculations of Erickson et al. (1971) and the
surface pressure calculations of McCune (1958a, b) should be corrected for the pre-
sence of these terms. They make no contribution to the disturbance field upstream
or downstream of the blade row and, therefore, the acoustic calculations done with
this analysis (Lordi 1971) are unaffected by their inclusion.
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6.2. Blade surface velocity components in loading problem

The blade-surface properties of the solution for the velocity field of a lifting rotor can
be examined as was done for a non-lifting rotor, although the loading case is somewhat
more complicated because of the presence of the trailing vortex wakes. Again the
streamwise, normal, and radial components, v,, v,, and v,, are considered. First the
behaviour of v, is treated, followed by v,, with v, done last.

Since v, is proportional to p, it must contain a discontinuity across the blade surfaces
which is in the same proportion to the blade loading, Ap. Therefore, showing that the
solution for the pressure field contains the correct discontinuity is equivalent to de-
monstrating the proper behaviour of v, at the blade surface. Again this is done by
ordering the series expansions in (mB)~! and, in particular, isolating a series for which
the k summation can be done and for which the m summation yields the generalized
function ;.

As before, the first operation on the expression for p is to perform an integration
by parts on the z, integral. The result, after some rearrangement and identification of
the discontinuous terms, is

_ B B = = R, gi(0) sin (mBY)
P =000 B B TR e B+ (o VY]

T /] /] B o —o
X f ) R, 51(07) 3_,,0 [’oa—ro Ap(r,, z)] dry+ JW] fo Ap(zo) H(z — 24) dz,
T

. B i rr i’;‘ 2 Rupi(0) Bypi(do) gtmBL
anfit rgm=—o k=1 w/\”‘Bk/U

| %4 o) 25 0 Vm 79> 2, C -
(00 0) b0 D e [ 21— At ) Bl 21%6) e (A g2 —c)]
mBk

mBk

@y T0s 2, 4
i [Tk B20) oy Ak e — 20)] o (Ao 20)] )] o (70)
0 A#Br %2

The term containing the generalized function {; is the term which contains the
discontinuity in p; all of the remaining terms converge uniformly for all { away from
the leading or trailing edge and, hence, are continuous across the blade surfaces.
However, at the leading or trailing edge, one of the exponential factors in the inte-
grated terms in braces approaches unity, and the series can diverge. At the trailing
- edge Ap should vanish according to the Kutta condition, and the convergence pro-
perties of the series in p depend on the behaviour of Ap as z > ¢,. At the leading edge,
the linearized analysis contains a singularity in the loading, and so the series can be
expected to diverge there. When the first two terms are omitted, this expression for
pis valid upstream (z < 0) and downstream (z > c,) of the blade row. Thus, away from
the leading and trailing edges, p (and hence v,) is continuous in these regions and, in
particular, across the blade wakes.

Next, the properties of the expression for the radial velocity are examined, focusing
on the terms due to the trailing vortex wakes. The radial velocity is tangential to the
wake surfaces and should be discontinuous across them. This behaviour can be demon-
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strated simply, if we consider points far downstream of the rotor where all other terms
except the wake term have decayed and (59) becomes

B tpfea ® ® sin (mB{)
v,(2 > +00) =mj o "El ,E Rpi(0) mBk(a'o)_mB_

X al)fmﬁ‘] [ ﬂ2+ﬂ (Ampr/ MB)2]‘1 [%2] Ap(rg, o) dzgdry. (71)

Again using the series S(r, {) to identify the discontinuous terms and introducing
the blade circulation I' which is defined by

I(r) = f “yrads (12)

where y(r, 8) is the local vortex strength,

Y(ra 3) = Avs = va(€= 2"j_/B)—vs(§= 2ﬂj+/B), (73)
then
B_dl' B (e 2 = (0) (K upie/T7)
oz > +o0) = 277;1 dr  mpe Mpo U 0 mglk 1[(Km3f;m3)2+fﬂ’:"r7U)2]

sin (mBg) (rr 0 3
X mBy ,Ha—%[’oa—,;Ap(ro,zo)] Rnpi(0o)dry.  (74)

The &; term produces the expected discontinuity in v, across the wakes while the second
term is continuous. Forming the difference in v, across the blade wake locations
according to the same convention adopted for Av,, we get

Av, = dI'/dr. (75)

Notice that in this convention T is negative when Ap is positive and work is done on
the fluid.

The final task of this section is to develop further the expression for the normal
component of the perturbation velocity. The terms in v,, (recall that the prime denotes
that the blade force term is omitted) which represent the wake terms are labelled
(¥,),, and may be written

B 1+(wr/U)2 ry fca
271% P Ug r ry

(vn)w = Z Z RmBk(U) RmBk(a-o) eimBC

0 m=-—m k=1

x Hiz=20) | g3+ B0/ mBY | [ Mpte 2o rodiodre, (70

where the prime on the m summation denotes that there is no m = 0 term. The k
summation can be rearranged using the same techniques employed to evaluate the
series function S(r, {). This time the corresponding m summation can be evaluated,
if the appropriate m = 0 term is added and subtracted, in terms of the series repre-
sentation of a sequence of delta functions rather than the generalized function {;.
When this is done the delta function terms so represented precisely cancel the blade-
force term in v,, represented asa volume distribution of dipoles. The resulting expression



434 J. A. Lordi and Q. F. Homicz

for v,, which now converges everywhere except near the leading or trailing edges,
is
wB (wr
= gty (77) o | . Bt Hz—z0)

~ ot 1/ U)] f Ap(r, z) H(z—2,) dz,
2 - Runpi(o) emBEH (2 — 2,)

e AR CTL R | ISy v auy ek mr i

x| R,gulo —[r—A 7o 2 ]dr dz
-f"a Bi( 0)39‘0 °3ro P(7g, 29) | drodz,

L rp © L) mBk(O') ‘RmBk(a'o) imBL
+ 4% pe Uy f rp Mo ,El 0Xonpr/ U e Voa, 1(70: 2, %)
wr imB
x {U ~AE,, [(1/r) (14 w>?/ Uz)]} exp [AL (2 —20) ] AD(7o, 2o) A2y 1. (77)

The terms on the last two lines can be integrated by parts and then manipulated using
the techniques of this section to demonstrate that v, is continuous across the blade
surfaces, as it should be. The expression given above for v, is the starting point for
our development (Homicz & Lordi 1979) of the governing integral equation in the
direct lifting-surface theory of a compressor rotor.

7. Equivalence of the dipole and vortex representations of the
lifting surface

The pressure dipole representation of the lifting rotor flow field, which has been
used in the present work, can be shown to be equivalent to the vortex representation
used by -Okurounmu & McCune (1970). In order to show this, the present dipole
representation is re-interpreted as a vortex representation, to which it must be equiva-
lent. The resulting vortex representation is then shown to be the same as that of
Okurounmu & McCune (1970).

First, the velocity potential of a lifting rotor is written in terms of the pressure
perturbation as follows:

6= - ;P__i:%’)dzc (78)

Substituting for p from (49) and interchanging the order of integration,
= ——f Ap(r,, zo)f pp(r, &, 257, &0 20) d2' dSp. (79)
Introducing the bound vorticity, v defined in (73),
o= [ vror i+ (ory 0k [ _ppds ds (80)

Now it can further be shown that

f pD(z" g’ 7529, "'o’ go) dz' = f pD(z! g! L 26, §0’ 7'0) dz(,) (81)
- 20
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If we recognize that 2, is mathematically equivalent to the potential due to a fluid
doublet ¢, and, by analogy with the development for unconfined flow (Ashley &
Landahl 1965), identify the potential due to an elementary horseshoe vortex ¢, with
that due to the following doublet distribution,

8y = 1+ (ono/ UF [ 7 gate, Lz Lo (52)

then the velocity potential due to a lifting rotor can be expressed as the superposition
of these elementary vortex solutions by

¢ = fs, Y70, 20) $,485. (83)

Each elementary horseshoe vortex has an infinitesimally long, radially oriented bound
element located at z,, 7, with the pair of trailing vortex filaments lying along the helical
undisturbed streamlines.

Okurounmu & McCune (1970) developed the solution for equally spaced, radially
oriented vortex lines (and their associated trailing vortex wakes) which span the
annulus. In order to show the equivalence between the present formulation and theirs,
the present doublet (dipole) solution is used to construct, first, a horseshoe vortex
solution and then the solution due to B equally spaced, radially oriented vortex lines.
The desired integral of ¢, in (82) for ¢, was evaluated in our development of the dipole

representation of the rotor; see (35). The potential due to the radial vortex lines is
obtained from

B~ rp . .
bo="3 [ T00 41,8 2me, 205/ Borm) e (84)

where I' is the circulation at the radius r,. The resulting expression for ¢, after
carrying out the j summation, is

b = gz () () €20 He—24 [ T radr,

B ® ® imBH(z—2z,)
’ R imB{ 0
BB 2w 2y O T BB

i 1+ U)? |
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: 2 Rpupu0r) €imBE
4”/9272&' m=—w k=1 (wAmBk/ U) [(”"’-B)z/ﬂ‘1 + A?an]

x exp ["l_;’;zBi % (2—2)— - UBk [2— zo'] f:f Rpi(070) I'(ro)

+
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(mB)?  wry[(mB): M2 14 (wry/ U2 .
gt~ 7 [ M|~ [ | mBha
x [2H(z—2y) — 1]} dr,. (85)

This result for the potential due to B radial vortex lines, although in markedly
different form, can be shown to be equivalent to that of Okurounmu & McCune
(1970)- When notational differences are accounted for, the m = 0 terms in the above
expression for ¢, are easily shown to be identical to those in equation (8) of their
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paper. The key step in demonstrating that the two results for ¢.. are equivalent is in

showing that the terms representing the trailing vortex wakes are the same. These

are the m + 0 terms having no z dependence which are present downstream of the

vortex lines. They are labelled ¢,, and will be shown to be identical to the wake poten-

tial derived by Okurounmu & McCune (1970) from an entirely different approach.
Using (21), the terms in ¢, become

B [fr ® =

bu=—"3| T T Rnpu(0) Busul0o) M) T(ry)
TJ rgm=1k=1
(wrp/U) 1+ (wry/U)?
8 [ KmBk/mB)2+(tm‘T/U)2] [ (Mo/oU)z ]rod"o- (86)

Now the double summation is proportional to the series S(r, {) defined by (60) in the
previous section. Introducing the addition and subtraction manipulation used there,
&,, becomes

fom B 3 5 )

My mo1k=1 mB

_B [ g mmBY) & p (o) Rumal©)

mry rgy m=1 “mB 5,
< D(ro) [r% — r§(K mpr/mB)? dr,
7ol (K mpr/mB) +(wrp /U]
The k sum in the first line of this equation is just the Fourier-Bessel expansion for
I'(r); the m sum is the series representation of the generalized function §;. The second

k summation in (87) can be identified with d[r,dS,,(r, 7,)/dr,]/dr,, where 8, (r,7,) is the
series defined as

mBi(T )J- ’ T'(ro) Ronpi( o) ro drg
g

(87)

_ Rnk(KnkO') Rnk(Knk 0-0)
Sul(riro) = X = K, /r)+ (wn] U (88)
and n = mB. Making these substitutions,
_B B °° sin (mB§ dS,,,B
bo= 5PN~z £ [re0 - (oG o 69

The series in (88) has been summed by Salaun (1974) and the result is given in
appendix B. The next step in the derivation of ¢,, is to integrate by parts in the second
term of (89) and use the results given in (B 5) for §,,. Since its derivative vanishes at
the duct walls and it is symmetric in 7 and r,, we get

bo= ST+ oy 3 OB

Tml " mB

ar .,
< [e1(oms) [ O gz —TnalOnz) A,
OmBH mB,
TmB ar ,
+¢y(0, mB)J- OCmBy do,, Kpp(Onp,) do g,
OmBH By
TmBT dF
+ ca(a'mB) fa’ O'mBo dO’ B ( mBo) do’mB.,
‘mB mB
o dF ,
+¢4(0m5) f i OmByeT—— 3o,z K mB (Tms,) do, mBo} ) (90)
OmB
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where 0,,; = mBwr/U and the primes denote differentiation with respect to the argu-
ment. After rearranging the ranges of the integrals between 0,,5_and 0,5, the terms
in braces can be identified with —r% ¥,,5, Where ¥,,p is the wake function defined by
Okurounmu & McCune (1970). Accounting for the difference in blade locations (theirs
are at ((2j+ 1) 7)/B, which introduces a ( — 1) factor), the above result for ¢,, is then
equivalent to theirs.

It remains to be shown that the m #+ 0 terms in (85) which contain the exponential
factors in z — z, are the same as the corresponding terms in (8) of Okurounmu & McCune
(1970). This part of the demonstration requires the identification of the radial integrals

1
J.h T(og) B, pi(00) 0o doy,

J. 1 T(ro) [r% — 13 (Kmpr/mB)?] R
# 73 [(Kpnpe/mB)2+ (wrp [U)?] ™5

(0¢) o doy

as the coefficients of R,, 5, (o) in the Fourier-Bessel expansions of the bound vorticity
', and the wake function y,,p respectively. The latter step follows from the above
demonstration that the k series beginning on the second line of (87) is indeed propor-
tional to ¥, - The required identifications can be made if the factors in braces in (85)
are rearranged using the addition and subtraction manipulation of the previous
section. Then, having demonstrated that the fundamental singularity solutions used
here are equivalent to those used by Okurounmu & McCune (1970), we have concluded
that the expressions constructed from them for the rotor-loading flow fields are also.

8. Sample numerical results

Two examples have been selected to illustrate numerical evaluations of the expres-
sions derived here. In the first, calculations of thickness-induced camber lines are
discussed. In the second, lifting-surface results for the blade loading are presented
and compared with the corresponding strip-theory values.

8.1. Thickness-induced camber lines

As first pointed out by McCune (1958a) and discussed here in §2, the effects of blade
thickness and blade loading may be treated separately if the thickness is distributed
about camber lines which cause the local blade loading to vanish. These thickness-
induced camber lines may be computed by evaluating the expression given in (68)
for the thickness contribution to the normal velocity component.

When evaluated at the blade surface, the continuous part of v, is proportional to
the slope of the camber line (see (37) and (38)). As discussed below (68), the third
term, which originates from the n = 0,k = 0 term in the revised source solution, was
omitted in the thickness-induced camber-line computations by Erickson et al. (1971).
The contribution of this term has been evaluated for one of their examples so that the
significance of the correction can be seen.

The case considered for evaluation has a nearly sonic inflow at the blade tips
(Mg = 0-98). The rotor has 64 blades, a hub-to-tip ratio of 0-9 and a value of ¢ /r,
of 0-049. Each blade has a symmetric parabolic-arc chordwise thickness distribution.
The maximum thickness-to-chord ratio decreases somewhat from a value of 7, at
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Freurk 3. Thickness-induced camber line for parabolic-arc profile. —.—, Previous result
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thickness-induced camber line. The parameters were B = 64, h = 0-9, ¢,/rr = 0:049, M = 0-6,
MT = 0'775, MR = 0'98, T/TT =1.

the hub to 0-874 at the tips. The blade ordinates computed at the tip radius are shown
in figure 3, normalized by the local blade chord ¢ and a reference thickness ratio 7,.
(Previous treatments of the thickness problem used an incorrect weighting factor in
the integration over radius. If the radial distribution of thickness is reinterpreted so
that the integrals evaluated are correct, then 7, is not the thickness ratio at the hub,
as stated in the earlier work, but the ratio of the maximum thickness at the hub to
the axial chord projection.) In figure 3, the result reported by Erickson et al. (1971) is
shown along with the correction derived here and the net result. It can be seen that
the correction due to the revision of the source solution actually brings about a change
in sign of the induced incidence part of the blade ordinate. The sign of the revised
result for the induced incidence agrees with that computed for simple source-sink
representations of a cascade of non-lifting blades (Erickson, private communication).

The blade pressure distribution is also affected by the revision of the source solution,
but not as significantly as the camber line. The correction to the pressure is proportional
to the thickness distribution; it vanishes at the leading and trailing edges and is
symmetric about the midchord. The essential character of the thickness part of the
subsonic pressure distribution, which is singular at the leading and trailing edges, is
unchanged.

8.2. Lifting-surface calculations

Starting from the expression given in (77) for the loading contribution to the normal
velocity component, Homicz & Lordi (1979) have developed a lifting-surface analysis
for the flow through an annular blade row. One of the numerical evaluations of that
theory which best demonstrates the three-dimensional effects is presented here. In
the case considered, the rotor blades are thin flat plates, twisted so that the angle of
attack is 5° at each radial station. The number of blades is 30, the hub-to-tip ratio is
0-5, and the ratio c,/r, is 0-1. The axial Mach number is 0-5 and, at the blade tips,
the relative Mach number of the inflow is 0-707. The results obtained for the sectional
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2.D theory. The parameters were B = 30, h = 05, ¢,/rr = 0-1, M = 0-5, My = 0-5, Mg = 0-707.

lift-coefficient, defined as the lift divided by 1p,U%e¢, are shown in figure 4. The
results of a strip-theory calculation are shown for comparison. The strip theory pro-
vides a good approximation at mid-annulus, but substantially underestimates the
loading near the hub and overestimates it near the tips. The difference in the behaviour
of the three-dimensional and strip-theory results is a consequence of the trailing
vorticity, which tends to reduce spanwise variations. This feature of the three-
dimensional theory is discussed in more detail by Homicz & Lordi (1979) and also
by McCune & Dharwadkar (1972), who treated the lifting-line limit.

9. Summary

The linearized solution for the three-dimensional, compressible flow through an
annular blade row has been reviewed. Revisions have been made in singularity solu-
tions superimposed to represent the blade thickness and loading contributions to the
rotor flow field. A term previously omitted from the solution for a mass source affects
the blade surface pressure distributions (McCune 19584, b) and thickness-induced
camber lines (Erickson ef al. 1971) presented previously for subsonic relative tip
speeds. While the general character of the subsonic pressure distributions is unchanged,
the computed corrections to the thickness-induced camber lines are more significant.
For the case illustrated in the previous section, the correction results in a change of
sign in the induced incidence part of the blade ordinate.

The revised source solution has been used to form a pressure dipole solution, which
in turn has been used to construct the rotor-loading contribution to the flow field.
The present pressure-dipole representation of the lifting surface has been shown to be
equivalent to the vortex representation of Okurounmu & McCune (1970, 1974). A
direct lifting-surface analysis (Homicz & Lordi 1979) has been based on the present
formulation. An example of the three-dimensional lifting-surface calculations dis-
cussed in the previous section shows that the effect of the trailing vortex wakes is to
reduce the spanwise variation of the sectional lift, in marked contrast to the corres-
ponding strip theory. Also, direct lifting-surface calculations have been done for the
same conditions specified in the inverse calculations done by Okurounmu & McCune
(1974). The camber lines computed in the inverse problem were specified as input in
the direct lifting-surface computations. It was reported previously (Homicz & Lordi
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(1979) that good agreement was obtained for a case in which the circulation was a
constant, but not for a case in which the spanwise variation was prescribed in the
design calculation. Additional calculations done since have shown good agreement
in both cases. It was found that, since the solidity was relatively high in these examples,
collocation points had to be located closer to the trailing edge in order for our lifting-
surface computations to agree with both design cases.

The present version of the dipole representation of a lifting surface in steady flow
differs from that of Namba (1972). The differences in the basic solution for the pressure
field result from the revision of the dipole solution reported here, and also from a
radially dependent scale factor which he introduced into the superposition of the
dipole solutions. We have concluded on the basis of the formal development presented
here that this scale factor should not be included.

The work described in this paper was supported by the Air Force Aero-Propulsion
Laboratory under Contract F33615-73-C-2046. The authors wish to thank Drs J. C.
Erickson, Jr, J. P. Nenni and W. J. Rae for helpful discussions held during the course
of this work.

Appendix A. Mass and momentum balances for the flow-field solutions

It has been shown that the singularity and rotor flow-field solutions give the correct
masgs addition rate 7, axial component of the net force on the fluid F,, and axial
component of the torque 7). The control volume for which these checks were made is
bounded by the duct walls and the annular areas perpendicular to the duct axis at
upstream and downstream infinity. Since this control volume rotates with angular
velocity w (in the negative 0 direction), the conservation laws for a non-inertial
reference frame must be used. The appropriate integral forms of the equations for
conservation of mass, momentum, and angular momentum for such a control volume
have been taken from Shames (1962). Then, these equations have been linearized so
that they are expressed in terms of the undisturbed flow properties p,, U and wr,
and the perturbation quantities p, p, v,, v, and v,. These equations were specialized
further to account for the fact that all the flow-field solutions decay at upstream
infinity and satisfy the boundary condition of no flow through the duct walls. Attention
has been confined to the expressions for mass conservation and to the axial components
of the momentum and angular momentum balances. Under the present set of assump-
tions, the expressions for m, F,, and T}, in terms of the flow field variables become

2n
m = J‘”J‘ (p°°vz+PU)|a—>oordrd0’ (A 1)
rgd 0
2n
F,= f"f (200 UV, + pU +) 0o 7 dr 6, (A2)
rgd 0
© rp 21
T = _2f f f Polwry,)rdrdfdz
—oJrgJo

2n
+J"TJ‘ [P Urvg + wr¥(po v, + pU)]| oo 7 A1 d6. (A 3)
rgJO



The flow field of a rotating annular blade row 441

Appendix B. Summation of the series S,(r,7,)

The series defined in (88) appears repeatedly in the expressions for the surface
velocity components. Its summation in terms of modified Bessel functions, as accom-
plished by Salaun (1974), provides the key to demonstrating the equivalence of the
dipole and vortex representations of the lifting surface. If we differentiate the series
twice with respect to o, use the Fourier-Bessel expansion for é(r —r,), and introduce
the notation o, = nwr/U then the following differential equation is obtained for S,,:

1d(ds,,

8o,—0
-— —r)_ 2 = —p2, A n__ no
o, do." Opn da',,) [(n/a'n) =+ I]Sn T

)
o o’ (B1)
This equation is solved subject to the hard-wall boundary conditions, i.e., that
dS,/do, vanish at the inner and outer duct walls, o, = 0, and o,,. Moreover, 8,
is required to be continuous at o, = o, and dS,/do, satisfies the following jump
condition at o, = o,, which is derived by integrating the governing differential
equation from o, —¢ to o, +¢, :

[(2):. -G - -2 @2

The modified Bessel functions I,(o,) and K(o,) are linearly independent solutions
of the homogeneous equation for 8,,. For o,, < o, , assume

Sn(a'm O'M) = 61(0'"0) In(a'n) + cz(o'no) Kn(a'n)! (B 3)
while, for o, > 0, , set
Sn(o'm o'n.,) = ca(a'u.,) In(O'”) + 64(0',“’) K"(O'”). (B 4)

The solution which satisfies all of the above boundary conditions is

~K;
o = TT“’J [Ki(0n,) (00 ) = 12(00.) Kn(@a )]

o = LT (i ) 10~ i) Koo
e (B 5)
o = 22T (K, ) 1(00) ~ L) Koo,
¢ = ’E"I_;Z("ﬂ) (K30 ) In(a) — T2 ) Koo,
where
Z= If’l(a'n,.) ‘Kfll(o'nn) —I,"(O'nn) K,"(O'n’) (B 6)

and the primes denote differentiation with respect to the argument.
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